A detector undergoing uniform acceleration a in a vacuum field responds just as though it were immersed in thermal radiation of temperature T =ha/2πkc. A simple, intuitive derivation of this result is given for the case of a scalar field, and the approach is then extended to treat the case where the field seen by the accelerated observer is a spin-1/2 Dirac field in "1+1" dimensions
I. INTRODUCTION 
Hawking
1 predicted that a black hole should radiate with a temperature T =hg/2πkc, where g is the gravitational acceleration at the surface of the black hole, k is Boltzmann's constant, and c is the speed of light. This results from the effect of the strong gravitation on the vacuum field. Shortly thereafter it was shown that a uniformly accelerated detector in vacuum responds just as though it were in a thermal field of temperature 2 -
6
T =h a 2πkc ,
where a is the acceleration in the instantaneous rest frame of the detector. This intriguing result of quantum field theory has arguably not been derived in any physically intuitive way, and it is the purpose of this paper to present such a derivation in a way that is suitable for advanced undergraduate or beginning graduate students. Once one accepts the simplest features of a quantized vacuum field, the result Eq.(1) emerges as a consequence of Doppler shifts in the field seen by the accelerated observer.
In the following section the essential features of uniform acceleration for our purposes are reviewed, and in Section 3 we use these results to obtain Eq. (1) in an almost trivial way based on the Doppler effect. In Section 4 this simple approach to the derivation of the temperature Eq. (1) is developed in more detail. In Section 5 we extend the previous calculations for scalar fields to spin-1/2 Dirac fields. We close with a brief summary and discussion.
II. UNIFORM ACCELERATION
Uniform acceleration is defined as a constant acceleration a in an instantaneous inertial frame in which the observer is at rest. The acceleration dv/dt in the lab frame is related to a by the Lorentz transformation formula
Integrating, and taking v = 0 at t = 0, we have v(t) = at/ 1 + a 2 t 2 /c 2 . The relation dt = dτ / 1 − v 2 /c 2 between the lab time (t) and the proper time (τ ) for the accelerated observer gives t(τ ) = (c/a) sinh(aτ /c) if we take t(τ = 0) = 0. The velocity v of the accelerated observer as seen from the lab frame can be expressed in terms of the proper time
A straightforward integration of the above equations yields the well known hyperbolic orbit of the accelerated (Rindler) observer in the z direction 7 :
III. INDICATION OF THERMAL EFFECT OF ACCELERATION
Consider now a plane-wave field of frequency ω K and wave vector K parallel or antiparallel to the direction z along which the observer is accelerated. In the instantaneous rest frame of the observer the frequency ω ′ K of this field is given by the Lorentz transformation formula
for K = +ω K /c, i.e., for plane-wave propagation along the direction z of the observer's acceleration. For propagation in the −z direction, similarly,
Note that, for small values of aτ , ω
, the familiar Doppler shift. Equation (5) and Eq.(6) involve time-dependent Doppler shifts seen by the accelerated observer.
Because of these Doppler shifts our accelerated observer sees waves with a time-dependent
We suppose therefore that, for a wave
Changing variables to y = e aτ /c , we have
where Γ is the gamma function. Then, since
The time-dependent Doppler shift seen by the accelerated observer therefore leads to the Planck factor (eh Ω/kT − 1) −1 with T =ha/2πkc, which is just equation Eq. (1). We obtain the same result in the case of a wave propagating in the +z direction.
Note that the time-dependent phase can also be obtained directly by considering the standard nonaccelerated Minkowski plane wave exp[iϕ ± ] ≡ exp[i(Kz ± ω K t)] and using equations Eq. (4):
IV. A MORE FORMAL DERIVATION
The "derivation" of the temperature Eq.(1) just given leaves much to be desired. We have restricted ourselves to a single field frequency ω K , whereas a quantum field in vacuum has components at all frequencies. Moreover we have noted the appearance of the Planck factor but have not actually compared our result to that appropriate to an observer at rest in a thermal field.
To rectify these deficiencies, let us consider a massless scalar field in one spatial dimension (z), quantized in a box of volume V 12 :
Here K = ±ω K /c, andâ K andâ † K are respectively the annihilation and creation operators for mode
We use a caret (ˆ) to denote quantummechanical operators. The expectation value (dφ/dt) 2 /4πc 2 of the energy density of this
. For simplicity we consider the field at a particular point in space (say, z = 0), since spatial variations of the field will be of no consequence for our purposes.
For a thermal state the number operatorâ † Kâ K has the expectation value (eh
Consider the Fourier transform operator
The expectation value ĝ
We go to the limit where the volume of our quantization box becomes very large, V → ∞, so that we can replace in the usual fashion the sum over K by an integral:
Now let us consider an observer in uniform acceleration in the quantized vacuum field.
This observer sees each field frequency Doppler-shifted according to Eq. (5) and Eq. (6), and so for him the operatorĝ(Ω) has the form
where ǫ K = |K|/K. Sinceâ K |vacuum = 0, only theâ † K terms in this expression contribute to the vacuum expectation value ĝ † (Ω)ĝ(Ω ′ ) . Performing the integrals over τ as before,
and using â K a †
where we use the fact that the sum over k vanishes unless Ω − Ω ′ . In fact we show in the Appendix that the sum over
which is identical to the thermal result Eq. (13) if we define the temperature by equation
Eq.(1).
V. FERMI-DIRAC STATISTICS FOR DIRAC PARTICLES
In the above we have considered a scalar field and have derived the Planck factor (eh Ω/kT − That this is indeed the case is shown below. Mathematically, the essential point involves the replacement iΩc/a → iΩc/a + 1/2 in the integrals in Eq. (7)-Eq.(9), and the relationship |Γ(iΩc/a + 1/2)| 2 = π/ cosh(πΩc/a) 9 . Physically, this replacment arises from the additional spinor nature of the Dirac wave function over that of the scalar plane wave. In the case of a scalar field, only the phase had to be instantaneously Lorentz-transformed to the comoving frame of the accelerated observer. For non-zero spin, the spinor structure of the particles must also be transformed 14 , or "Fermi-Walker transported" 15 along a particle's trajectory to ensure that it does not "rotate" as it travels along the accelerated trajectory. This leads in Eq. (7) with exp(aτ /2c) exp[iϕ(τ )] 18 . This leads to the replacement iΩc/a → iΩc/a + 1/2 in Eq. (8), and therefore the result
Comparing Eq. (17) with Eq.(9) we note the change of sign in the denominator from −1 for BE statistics to +1 for FD statistics. We also note that the prefactor in Eq.(9) involves the dimensionless frequency Ωc/a while in Eq. (17) the prefactor involves the factor ω k c/a (the argument of the exponential in the distribution function is stillhΩ/kT with the same Unruh temperature T =ha/2πkc). This is no cause for concern, since in fact a single Minkowski frequency ω K is actually spread over a continuous range of accelerated (Rindler) frequencies Ω with peak centered at Ω = ω K 19 . This allows us to replace ω K by Ω in the final result.
(This is explicitly evidenced by the delta function δ(ω K − Ω) in Eq. (11) 
the FD analogue of Eq. (16).
VI. DISCUSSION
The derivation just given shows why quantum field fluctuations in the vacuum state are crucial for the thermal effect of acceleration: ĝ † (Ω)ĝ(Ω ′ ) is nonvanishing because the vacuum expectation a K a † K = 0. But there's more to it than that, because a K a † K is also nonvanishing for an observer with a = 0. For such an observer, however,
for the case of scalar particles. In other words, the thermal effect of acceleration in our model arises because of the nontrivial nature of the quantum vacuum and the time-dependent Doppler shifts seen by the accelerated observer. For the case of Dirac particles, the essential new feature is the additional spinor structure of the wave function over that of the scalar plane wave. In order to keep the spin "non-rotating" in the comoving frame of the accelerated observer, the Dirac bispinor must be Fermi-Walker transported along the accelerated trajectory, resulting in an additional time-dependent Lorentz transformation. Formally, this induces a shifting of iΩc/a → iΩc/a + 1/2 in the calculation of relevant gamma function-like integrals, leading to the FD Planck factor.
We have not given any motivation for using the correlation function ĝ † (Ω)ĝ(Ω ′ ) aside from the fact that we could calculate it for a nonaccelerated observer in a thermal field and for a uniformly accelerated observer in vacuum and compare the results. It is easy to show that a harmonic oscillator with frequency ω 0 and dissipation coefficient γ, linearly coupled to the field Eq. (10), reaches a steady-state energy expectation value
which offers some motivation for considering ĝ † (Ω)ĝ(Ω ′ ) . (Actually it can be shown that
, which shows again that our accelerated observer acquires the characteristics appropriate to his being in a thermal field at the temperature T =ha/2πkc.)
It should be noted that Takagi ( 5 , Chapter 4) uses the quantum two-point correlation For scalar fields this is proportional to the BE distribution function and for Dirac fields it is proportional to the FD distribution function ( Takagi refers to this as the "Thermalization Theorem"). The second factor that switches the form of S n (Ω) from BE to FD depends on the detailed form of the Rindler mode functions (see 5 , Chapter 4 for more complete details).
Though the trajectory of the accelerated observer takes place in "1+1" dimensions, the quantum field exists in the full n-dimensional spacetime, and thus S n (Ω) ultimately depends of the form of the mode functions in the full spacetime. In spacetimes of even dimensions the number spectrum of Rindler particles in the Minkowski vacuum and the noise spectrum of the vacuum fluctuations (i.e., the response of the accelerated "particle detector") both depend on the same distribution function, and these two effects are often incorrectly equated.
In our simplified derivation we have bypassed this technicality by performing our calculations in "1+1" dimensions (i.e., n = 2). We have concentrated on the power spectrum of vacuum fluctuations as seen by a particle detector carried by the accelerated observer. We have shown that in "1+1" dimensions the spectrum of fluctuations is proportional to the 
